We consider the algebraic structure of certain crossed products of the Toeplitz algebra and its tensor products. Using the structure, we estimate the stable rank and real rank of those crossed products. In particular, we obtain a real rank estimate for extensions of C * -algebras.
Introduction
Crossed products of C * -algebras (by automorphisms) have been very interesting research objects in the C * -algebra theory. See [9] as a reference. As well, crossed products of C * -algebras by endomorphisms 262 Takahiro Sudo CUBO 12, 2 (2010) have been studied (rather recently). A typical and important example is given by the rotation C * -algebra, that is defined as the crossed product of C(T) by the rotation action of the group Z of integers, where C(T) is the C * -algebra of all continuous functions on the 1-torus T, and is also the universal C * -algebra generated by a unitary. More generally, noncommutative tori are defined as successive crossed products by Z. On the other hand, another example is given by the group C * -algebra of the semi-direct product Z n ⋊ Z, that is viewed as the crossed product of C(T n ) by the adjoint action of Z, where T n is the n-torus. More generally, the group C * -algebras of successive semi-direct products by Z are viewed as successive crossed products by Z.
Our first motivation is to replace C(T) with the Toeplitz algebra F, that is the universal C * -algebra generated by an isometry, and replace Z with the semigroup N of natural numbers (with zero), and consider the crossed product of F by N. Furthermore, we replace C(T n ) with ⊗ n F the nfold tensor product of F and consider the crossed product of ⊗ n F by N. While the crossed products of C(T k ) by Z, that are viewed as noncommutative manifolds, have been studied well, the replacements by isometries: the crossed products of ⊗ n F by N, have not been studied explicitly yet.
Under those circumstances, in this paper we study certain crossed products of the Toeplitz algebra and its tensor products. The algebraic structure of those crossed products is given explicitly (and inductively) in Section 1. It is found that the crossed products have quotients that are isomorphic to the group C * -algebras of generalized discrete ax + b groups that are defined and studied in [14] , so that they may be viewed as the C * -algebras of generalized discrete ax + b semigroups in a sense. (Our first effort was to find such an analogue to the group C * -algebras of the Heisenberg discrete group, but this has not been successful yet.) The K-theory groups of the crossed products are computed by using the Pimsner-Voiculescu exact sequence. Using the structure (and in part the K-theory results) obtained, we estimate the stable rank and connected stable rank of the crossed products in Section 1, and estimate their real rank as well as the real rank of the group C * -algebras of the generalized discrete ax + b groups in Section 2. Note that the stable and real ranks are viewed as noncommutative complex and real dimensions respectively. For estimating the real rank, we obtain a new real rank estimate for extensions of C * -algebras. It turns out that this estimate is quite useful for estimating and determining the real rank of extensions of C * -algebras. The stable rank, connected stable rank, and real rank formulae obtained for those crossed products and the real rank formulae for those group C * -algebras are new, and the ranks are estimated with the dimension of the spaces of 2-dimensional irreducible representations that correspond to certain subquotients of the group C * -algebras. In addition, a partial duality result on crossed products of C * -algebras by N is obtained, which may be of some independent interest and would be useful for further research in a direction.
Notation. We denote by sr(A) the stable rank of a (unital) C * -algebra A, and by csr(A) its connected stable rank. By definition, sr(A) ≤ n if and only if L n (A) is dense in A n , where (a j ) ∈ L n (A)
if there exists (b j ) ∈ A n such that n j=1 b j a j = 1 ∈ A. Also, csr(A) ≤ n if and only if L m (A) is connected for any m ≥ n. Refer to [10] . We denote by RR(A) the real rank of A. By definition, RR(A) ≤ n − 1 if and only if L n (A) sa is dense in (A sa ) n , where L n (A) sa and A sa are the sets of all self-adjoint elements of L n (A) and A respectively. Refer to [3] .
Recall from [14] that the generalized discrete ax + b group that is a semi-direct product Z n ⋊ Z CUBO 12, 2 (2010) Real and stable ranks for certain crossed products of Toeplitz algebras 263 is defined by the following (n + 1) × (n + 1) matrices:
where ⊕ n e πit means the n × n diagonal matrix with diagonal entries e πit for t ∈ Z, and s ∈ Z n (a column vector), and 0 n = (0, · · · , 0) ∈ Z n (a row vector).
Structure and Stable rank
Let F be the Toeplitz algebra, that is defined to be the universal C * -algebra generated by a (proper) isometry s. Write F = C * (s).
Definition 2.1. We define the crossed product of F by an action of N to be the universal C * -algebra generated by F and an isometry t such that the action α of N on F is given by α 1 (x) = txt * for x ∈ F. Denote it by C * (H 1,1 ) = F ⋊ α N and call it the C * -algebra of the discrete ax + b semigroup H 1,1 since F ∼ = C * (N) the C * -algebra of N, so that we may write H 1,1 = N ⋊ N just as a symbol like a semi-direct product.
It is well known that F has the decomposition into the exact sequence:
where K is the C * -algebra of compact operators on a separable Hilbert space. Furthermore, this K is isomorphic to the commutator ideal of F. Refer to [6] .
has the decomposition into the exact sequence:
by a unitary action of Z, which is isomorphic to the group C * -algebra of the discrete ax + b group Z ⋊ Z.
is also compact. Therefore, K is invariant under the action α of N. Hence we obtain the exact sequence.
where the first isomorphism follows from that the action α on K is an automorphism as discussed above, and the second isomorphism follows from that any automorphism on K is implemented by a unitary, i.e. an adjoint action by a unitary, so that
, where C * (Z) is the group C * -algebra of Z, that is isomorphic to C(T) by the Fourier transform.
Also, we have C(T)⋊ α N ∼ = C(T)⋊ α Z since the action α on C(T) by N must be an automorphism implemented by a unitary, which is isomorphic to the group C * -algebra of the discrete ax
Remark. We may view this extension property as the definition for C * (H 1,1 ) = F⋊ α N. By universality, there is a quotient map from F ⋊ α N to C(T) ⋊ α Z. The similar remark as this can be made for the structure results given below. Proposition 2.3. The K-theory groups of C * (H 1,1 ) are obtained as:
Proof. Since C * (H 1,1 ) = F ⋊ α N, we have the Pimsner-Voiculescu exact sequence of K-groups for crossed products of C * -algebras by N (as well as Z):
(see [12] and [2] ), where K 0 (F) ∼ = Z and K 1 (F) ∼ = 0. Since the map (id − α) * is trivial, where id is the identity map on F, we obtain
Remark. The six-term exact sequence for the exact sequence obtained above is
Pimsner-Voiculescu exact sequence. Consequently, the maps i * induced by the inclusion i : K⊗C(T) → C * (H 1,1 ) are zero, so that the maps q * induced by the quotient map q :
Proof. By [10, Theorems 4.3, 4.4, and 4.11], we have the following estimates:
Furthermore, by [10, Theorems 3.6 and 6.4 and Proposition
. By the stable rank and connected stable rank formulae in [14, Remark 3.4] with a correction (see the remark below) we have sr(C * (Z ⋊ Z)) = 2, and csr(C * (Z ⋊ Z)) ≤ 2.
The same estimates (from above, ≤ 2) for C(T) ⋊ Z are also obtained by using [10, Theorem 7.1 and Corollary 8.6].
On the other hand, by [13, Theorem 3.9] we have 
and the connected stable rank estimate in it after that is
where C * (Z n ⋊ Z) is the group C * -algebra of the generalized ax + b group defined in [14] , and ⌊x⌋ means the maximum integer ≤ x, and ⌈y⌉ is the least integer ≥ y. In particular, if n is odd, then sr(C * (Z n ⋊ Z)) = ⌈⌊(n + 1)/2⌋/2⌉ + 1. Furthermore, if n = 4m, then the inequality does not become equality, but if n = 4m + 2, then the inequality becomes equality. As for the correction, in fact,
As a note, the Toeplitz algebra F has stable rank 2 and connected stable rank ≤ 2. This follows from using [10] , [8] , and [13] as above, where the result of [8] says that if the index map in the six-term exact sequence of K-groups for a C * -algebra extension E is nonzero, then E can not have stable rank 1.
Let F ⊗ F be the C * -tensor product of F, which is also defined to be the universal C * -algebra generated by * -commuting isometries s 1 , s 2 , which means that each s j commutes with both s i and s * i (i = j). Definition 2.5. We define the C * -algebra of the (generalized) ax + b semigroup H 2,1 = N 2 ⋊ N (just as a symbol like a semi-direct product) to be the universal C * -algebra generated by F ⊗ F and an isometry t ⊗ t such that the (product) action α ⊗ α of N on F ⊗ F is given by (α ⊗ α) 1 
In what follows, we often omit the symbol for actions in crossed products. Proposition 2.6. The C * -algebra C * (H 2,1 ) = (F ⊗ F) ⋊ α⊗α N has the structure as follows:
and the quotient and closed ideal have the decompositions as follows:
, and C(T 2 )⋊N ∼ = C(T 2 )⋊Z, which is isomorphic to the group C * -algebra of the (generalized) discrete ax + b group Z 2 ⋊ Z. Proof. The quotient and closed ideal, and their decompositions are deduced from the invariance of the action α ⊗ α. Note that
Furthermore, (K ⊗ K) ⋊ N is isomorphic to the following:
2 Proposition 2.7. The K-theory groups of C * (H 2,1 ) are obtained as:
Proof. Since C * (H 2,1 ) = (F ⊗ F) ⋊ α N, we have the Pimsner-Voiculescu sequence:
by the Künneth formula (see [2] ). Since the map (id − α) * is trivial, where id is the identity map on ⊗ 2 F, we obtain K j (C * (H 2,1 )) ∼ = Z for j = 0, 1. 
and moreover,
and sr((
Furthermore, by [10, Theorems 3.6 and 6.4] sr(K ⊗ (C(T) ⋊ Z)) = sr(C(T) ⋊ Z) = 2. Note that
. By the stable rank and connected stable rank formulae in [14, Remark 3.4] with a correction (see the remark above) we have sr(C * (Z 2 ⋊ Z)) = 2, and csr(C * (Z 2 ⋊ Z)) ≤ 2. Real and stable ranks for certain crossed products of Toeplitz algebras 267
On the other hand, by [13, Theorem 3.9] we have
and csr((
Hence, it follows that csr(C * (H 2,1 )) ≤ 2. Therefore, sr(C * (H 2,1 )) = 2 is obtained from the first part of this proof. Since K 1 -group of C * (H 2,1 ) is not trivial as shown above, we have csr(
Let ⊗ n F be the n-fold C * -tensor product of F, which is also defined to be the universal C * -algebra generated by n * -commuting isometries s j (1 ≤ j ≤ n), which means that each s j commutes with both s i and s * i for any i = j. Definition 2.9. We define the C * -algebra of the (generalized) ax + b semigroup H n,1 = N n ⋊ N (just as a symbol like a semi-direct product) to be the universal C * -algebra generated by ⊗ n F and an isometry ⊗ n t such that the (product) action
Proposition 2.10. The C * -algebra C * (H n,1 ) = (⊗ n F) ⋊ ⊗ n α N has the structure:
the exact sequence at the level 1 (that we call so), and the quotient and closed ideal have the decompositions as follows:
the exact sequences at the level 2. Inductively, the exact sequences at the level k (1 ≤ k ≤ n) have quotients and closed ideals that are given by
In particular, the exact sequences at the level n have quotients and closed ideals that are given by
and C(T n−l ) ⋊ Z is isomorphic to the group C * -algebra of the (generalized) discrete ax + b group Z n−l ⋊ Z. Proof. Note that ((K l ) ⊗ C(T n−l )) ⋊ N is isomorphic to the following:
Proposition 2.11. The K-theory groups of C * (H n,1 ) are obtained as:
Proof. Since C * (H n,1 ) = (⊗ n F) ⋊ α N, we have the Pimsner-Voiculescu sequence:
by the Künneth formula (see [2] ). Since the map (id − α) * is trivial, where id is the identity map on ⊗ n F, we obtain
Theorem 2.12. The stable rank of C * (H n,1 ) is ⌈⌊(n + 1)/2⌋/2⌉ + 1 if n = 4m, and if n = 4m, then
The connected stable rank of C * (H n,1 ) is estimated as:
Proof. Using the structure obtained for C * (H n,1 ) above and [10, Theorems 4.3, 4.4, and 4.11] repeatedly as before for estimating the stable rank, we obtain that sr(C * (H n,1 )) is estimated by
. By the stable rank and connected stable rank formulae in [14, Remark 3.4 ] with a correction (see the remark above) we have
and csr(C * (Z n ⋊ Z)) ≤ ⌈⌊(n + 2)/2⌋/2⌉ + 1 where the stable rank estimate becomes equality if n = 4m. Therefore, we obtain the stable rank estimates as in the statement.
On the other hand, using the structure obtained for C * (H n,1 ) above and [13, Theorem 3.9] repeatedly as before for estimating the connected stable rank, we obtain that csr(C * (H n,1 )) is estimated by
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Hence, it follows that csr(C * (H n,1 )) ≤ ⌈⌊(n + 2)/2⌋/2⌉ + 1. Since K 1 -group of C * (H n,1 ) is not trivial as shown above, we have csr(C * (H n,1 )) ≥ 2 (cf. [4, Corollary 1.6]). 2
Remark. As a note, the stable rank and connected stable rank of ⊗ n F are estimated as: max{2, sr(C(T n ))} max{2, ⌊n/2⌋ + 1} ≤ sr(⊗ n F) ≤ csr(C(T n )) ≤ ⌈(n + 1)/2⌉ + 1, and csr(⊗ n F) ≤ csr(C(T n )) ≤ ⌈(n + 1)/2⌉ + 1 using the structure of ⊗ n F as above.
3 Real rank Proof. Let n be the maximum given above. We may assume that n is finite since if it is infinite, the estimate is automatic. Let (a j ) 
